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ON A SYSTEM OF HYPOCYCLOIDS OF CLASS THREE INSCRIBED 
TO A GIVEN 3-LINE, AND SOME CURVES 
CONNECTED WITH IT 


By H. A. Converse 


Introduction. In 1857 Steiner* stated the theorem: if from any point 
‘on the circumcircle of a given triangle, ay, the perpendiculars be drawn to 
the three sides of the triangle, their feet lie on a linet ZL; and as the point ¢ 
moves around the circle the envelope of the line Z is a particular curve of 
class three (and order four). He also gave some of the properties of this 
curve, 

Later, in 1865, Cremona} showed this curve (the envelope of the Simson- 
line of a given triangle) to be a hypocycloid of three cusps inscribed to the 
given triangle. 

Poncelet§ gave the theorem: if we project with constant angle of projec- 
tion any point on the circumcircle of a given triangle on the three sides of the 
triangle, the points of projection lie on a line, which I shall call the Poncelet- 
/ine of the triangle. The Simson-line is a particular case of the Poncelet-line 
when the projection is orthogonal. 

I shall generalize these results of Steiner and Cremona as follows: 
For any constant angle of projection, 6, the envelope of the Poncelet-lines of 
a given triangle is a hypocycloid of three cusps inscribed to the triangle; as 
the angle of projection varies we obtain a system of hypocycloids of three 
cusps inscribed to the triangle. 

It is this system of hypocycloids, and some curves connected with it that 
I shall discuss in the following paper. First, I shall give some explanation of 
the system of coordinates which I shall use. Secondly, I shall make the ex- 
tension, referred to above, of the Steiner-Cremona problem. Thirdly, I shall 


* J. Steiner : Uber eine besondere Curve dritter Klasse (und vierten Grades), Crelle, vol. 53, 
p. 231 (1857). 

+ This line is known as the Simson line. See J. Allison: On the so-called Simson line, 
Proceedings Edinburgh Math. Soc., vol. 3, p. 77 (1885); also Nature, vol. 30, p. 635 (1884). 

t M. L. Cremona, A Bologne: Sur l'hypocycloide A trois rebroussements, Crelle, vol. 64, p. 
101 (1865). 

§ Poncelet: Propriétés projectives (1865), $468. 
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106 CONVERSE [ April 


discuss a problem proposed by Professor Allardice, relating to this system of 
hypocycloids. Fourthly, I shall examine the cubic arising as the cusp-locus 
of the system of hypocycloids, and show the application of Study’s theory of 
osculants to this method of handling a cubic. And to this I shall add a treat- 
ment of a second problem of Professor Allardice’s by this system of coordi- 
nates. 

Following Professor Morley, I shall call a hypocycloid of three cusps a 
deltoid.* 

1. The system of coordinates. [| shall use a system of coordinates 
sometimes called circular coordinatest and sometimes called conjugate coord i- 
nates. 

Let ¢ be a turn, @. e. a complex quantity of absolute value unity. It may 
then be said that ¢ remains always on a circle of radius unity in the complex 
plane and any curve may be considered as the wap of the unit circle by means 
of one equation, ¢. 4., 


w= a, + 2agt + af. 
With this equation is connected its conjugate : 


is » = 4 p 
| = h, + Z = - 


where /; is the conjugate of «;. 

Then z = V+ iY and y= VY—7) are called the cirenlar or conjugate 
coordinates of the point 2, given by any particular value of ¢; Y and ) being 
the Cartesian coordinates of the point. As ¢ runs around the unit circle, x 
runs along the curve. If ¢ be eliminated from the map-equation of a curve and 
its conjugate, the resulting equation $(., 7) = 0, will be the conjugate equa- 
tion of the curve. EL. 9., 2 = tis the map-equation of the unit circle; elimi- 
nating ¢ from this and its conjugate, y = 1, we obtain zy = 1, the conjugate 
equation of the unit circle. A point may then be considered as given by one 





* F. Morley: Orthocentric properties of the plane n-line, Trans. Amer. Math. Soc., vol. 4 
(1903), p. 1. 

+ F. Franklin: Some applications of circular coordinates, Amer. Jour. Math., vol. 12 (1890), 
p. 161. 

; F. Morley: On the metric geometry of the plane n-line, Trans. Amer. Math. Soc.. vol. 1 
(1900), pp. 97-115. 
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coordinate x (or its conjugate 7) in the complex plane, or by two coordinates 
(x, y) in the Cartesian plane, given by the transformation 


(1) (eH XY, 
ly =X-1? Y, 
which makes the new axes of coordinates the circular rays. 


Any equation of the first degree in x and ¢ givesa circle; thus, 2 = a, + ast 
is the map-equation of the circle C’ in figure 1. 
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For, consider the quantities as vectors and the points as their extremities, 
Let a, and a, be any two complex quantities and ¢, any point on the unit circle. 
Let OP be the axis of reals. The point 7; = 7, + @,f, is the sum of the strokes 
a, and af,. Since / is a turn the point @,/ will lie on a circle with centre at O 
and radius a, ; hence x, lies on a circle with centre at a, and radius a, 

Any equation of the first degree in x and y, of the form Az + By + 1=0, 
represents a straight line if A and B are conjugates, or, what is the same 
thing, if the equation is its own conjugate. This is readily seen if we apply 
the inverse of the transformation (1) to any equation of the first degree in 
Nand Y. 


The angle, 8, between two lines : 


r+ ay = constant, 
and 
x + kay = constant, 


is viven by the equation e” =’. (See Franklin's paper referred to above. ) 
vy means of the transformation (1) it is evident that the envelope of a system 
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of curves, given in terms of a parameter, is obtained by differentiating with 
regard to the parameter and eliminating the parameter. 

The equation of a deltoid may be obtained as follows. <A deltoid is traced 
by a point #, on the circumference of a circle C, of radius r, which rolls in- 
side a cirele C’, of radius 3r. Let the line O/V (figure 2) be the axis of reals, 





Fig. 2. 


and lets — caw — 1. Then C’” is the unit circle. Theare 4A" = are br — 3 are #1 





1 - - 
are / B Hence if we take the quantities as veetors, we have 
(2) we—2fe 


If the radius of C'be or , (2) becomes 





r 


t 





(3) eo = Ort 


If the origin be transferred to any point — 7, (3) becomes 


| = jt. Foe + . 
(4) a+ 2) 7 


This is the general map-equation of a deltoid with centre at a, and size |r 


’ 


where by the size of a deltoid we mean the radius of the inscribed circle. 
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Hence we may say in general that a deltoid is given by an equation of 
the form 
r= 4 + af + a3 7 a | = 2. 
. f As | 
2. The system of deltoids. The extension of the Steiner-Cremona 
problem, mentioned above, is made as follows. Take a®yas the given trian- 


gle, and let its cireumcircle be the unit circle. The equation of the side By is 


] 
B, yD? ] 
: ( 
l = ©, 
Y -, 1 
Y | 
z y 1} 
or 
(1) x+ Byy=8+ +4. 
A line making a constant angle, 6, with (1) is given by the equation 
ke + Byy = constant, 
where e* = I/k. 
If this line cut the unit circle at a point ¢, its equation becomes 
(2) ke + Byy=ht+ . 
Combining (1) and (2), we have their point of intersection given by 
(k-—1l)x=ht + ~~ ee 
n at 
) (k —1) 1 at o 1 
a hi ~ kt” og o; a 


where o,, o), ¢; are the symmetric functions of a, 8, ¥. 

In like manner the points of intersection of the two other lines through ¢, 
making the angle @ with ay and a8 respectively, are given by 
ox 


Bt —o,+8, 


(k —1) 1 Bt oa 1 
"sa a 


(k — l)x = kt+ 
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and 
| iu Dents 2-H 4m 


(3") | (kh —1) 


~ 
~ 

Qq 
l_— 


I y= ie, “+ ~ ma i 


The determinant of these three points is 


hi + “3 = Oy + @, z r a = 3 "7 : ’ l | 
at kt ao, os a | 
~—& o l Bt az l | 
Cf <pwngeey. | 4 ae = 4+ £. —x—=—++—, | 
. (A — 1)? T Bi “+? ki Co o, B 
o l yt oa, 1 
7 


kt + =f —-oO,+ 7; 


On subtracting the second row from the tirst and the third from the second, 
and taking out the common factors, this becomes 


—k(B—a)(y—B)\y-“t4y- @ 


A= = 0). 
ta,(k — 1)? a-t,a—t| 








Hence the three points lie on a line, the Poncelet line of the triangle for 
the angle of projection @ and the point ¢. Its equation is 


be a, 1 af a, 
i at 





vee m. Out 





or 


(k —1 
(4) Cate +, ys y + - 6, — kh + of = 


~ 
_ 
. 





As ¢ runs around the unit circle, @ and therefore k being constant, equa- 
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tion (4) gives us asystem of lines. To obtain the envelope of this system, 
differentiate (4) with regard to ¢ and obtain 


(k —1) x =— 0, + 2kt + 73, 
or 
r oo a; 2kht C3 
(9) lel my as o=——_ (—k)ke- 


The result of eliminating ¢ between (5) and (4) is easily seen to be the same as 
that of eliminating ¢ between (5) and its conjugate. But (5) is the map-equa- 


‘ . . ‘ . , . | — * | 
tion of adeltoid with its centre at the point a and its size | kd s | 
— oe | y a v) | 


It touches the three sides of the given triangle; for, putting ¢ equal to a/h;, 
8k, and y/*& in the equation (4), we obtain 


r+ Byy=B8B+¥, 
r+yay=y+ a, 


r+ apy = & =~ B, 


which are the three sides of the triangle. 

Hence the envelope of the line (4) is a deltoid touching the three sides 
of the triangle. Now every possible value of 4, for real values of @, is in ab- 
solute value unity, since 1 4 = 6". Hence as the angle @ takes all real values 
k is aturn, and for each value of ’, (5) gives a deltoid. Hence, for a varying 
k, we have a system of deltoids, all inscribed to the given triangle. Their 
centres lie on a line; for the centre of (5) is given by 


Fe oe 
(6) %= 7 


As k varies (6) gives the locus of centres of the system. Eliminating / from 

, , ‘ ok : 
(#) and its conjugate, y = — a,(1 —k)’ we have the line 
(7) OX + F103 = 0104. 


This line is perpendicular to the Euler-line of the triangle, 7. e. the line joining 
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the circumcentre and the orthocentre of the triangle; for the equation of the 


Euler-line is 


yt — 0103 = V, 


and the condition of perpendicularity is satisfied. 
The line (7) cuts the Euler-line at the point o, 2, the centre of the nine- 
point-, or Feuerbach-circle. That is, the centres of the deltoids of the system 








lie on the perpendicular bisector of the line joining the circumcentre to the 
orthocentre of the triangle, and hence are equidistant from these two points. 
If & = —1, then 6 = 7/2 and (5) becomes 


PO se: = = 
a HEN Stk 


ae 


Ter 


% 9 


: _ *% 
(5') : > * 4+ If 


area 
> 


This is Steiner’s case, a deltoid with centre at c, 2, and size }. 
The results so far obtained may be combined in the following theorem : 
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THEOREM I. Jf from a point t, on the circumeirele of a given triangle 
aBy, three lines be drawn making the anyle @ with the three sides of the triangle 





respectively, their points of intersection with these sides lie on a line. The 
envelope of this line ast runs around the circle isa deltoid. As 0 varies we 


“Saraki 


ees 


obtain a system of deltoids, all inscribed to the given triangle and having their 
centres on a line perpendicular to the Euler-line of the triangle at a point mid- 
way between the orthocentre and the circumcentre of the triangle. 
Now combining (5) with its conjugate 
hf 


lon 


we obtain the involution of the curve 


i | - Kh ‘ 
(8) e+ 7: x — Fe +[- he — + i |! ~ ae — (0). 


If the three roots of this equation fall together, 7. ¢. if t; = ¢t, = t, = ¢, then 
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fs = ay/h*, and (= Yo,/h* gives the cusps of the deltoid. Putting this value 
of ¢ in (5) we have the three cusps given by 
93 4 
ta te. 
1--k 
As / runs around the unit circle this equation gives the cusp-locus of the 


system of deltoids. And since o; and & are both turns yo;/ is a turn, and we 
may write ¢ for Yo,k- Then the cusp-locus becomes 


; a, —t 

(‘!) z= p° 
i 

o3 


Hence ; 
Tueorem I]. The locus of the three cusps of the system of deltoids of 


Theorem IT is a rational cule cure whose meap-cquation as equation (7). 


Theayems IT and IT may be proved in another way by the use of certain 
notions introduced by Professor Morley in the paper referred to above (1905). 
Following this paper for the moment, let 4, 4. 4; be three points on the unit 


cirele, such that 
(10) t,&@%= 1. 


Connect with these a point 2 by the equation 


(11) n= ty + lg + & 
From (10) and (11) we have 
l 
? c= > . 
(12 ) : fy oo t, ths 


In this iet 4, be tixed and ¢, variable. Since x = ¢ + 1 / is that simplest of all 
hypocycloids, the segment of a line, so (12) is the segment of a line of con- 
stant length 4. When ¢, varies the deltoid is described by the motion of this 
variable segment, which touches the curve and whose ends move on the curve. 
The curve itself is given when the segments are brought into coincidence, ¢. é. 


when 
l 
(13) S: 20+ 7° 
We may now prove Theorems I and II very simply. 


The equation (1) as before is the chord Sy, and (2) is a line cutting (1) 
at a constant angle, and passing through a given point ¢ of the unit circle ; and 
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(3) gives the point of intersection of (1) and (2). Write the first equation 


of (5) in the form 
ox 


(14) (A — 1)x +o, = At + = +e 


If the point given by (14) be on a segment of a line touching a deltoid, 


(14) must be identical with 
l 
(15) (k= let ar(ttt > ): 
hh 
therefore 
kt=.,, a@=A, H—=—., 


whence’ we have 
r — ah. 


Putting this value of A in (15) and making 4, = /, = ¢ we have 


3 I: 
3/2 y¥ 734 
(kh —_ l ye - a; —_ zy ah / - r . 


or 
16 t= — ' : . 
si [=8" 5-2" Guia 


ia o ; er a 
a deltoid with centre at —*— and size . This gives us the Theorem I. 


l 
1-—k 1—- 
For the cusps we have 4, = 4, = Vl. Then (15) becomes 
(kK —1)x + 0, = AX. 


Eliminating / from this equation and A° = o,/, we have 


(17) t=, 


which is, for variable A, the cusp-locus of the system: hence the Theorem IT. 


Consider now any deltoid of the system (5), and compare it with the del- 
toid of Steiner’s case (5'). 


i: acolo ae 
Phe size of (5') is 5 While that of (5) is The ratio of the size 


1 
2 ee it 
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of (5) to that of (5') is But 0 = |1—k| s2. Hence 


1—kj 


VII 
no 


o = —_— 


1l—é 


Hence the deltoid of Steiner's case is the minimum deltoid of the system and 
we have the 

TueoreM IIL. The minimum deltoid inscribed to a given triangle is the 
deltoid of Steiner's case, i. e. the envelope of the Simson-line of the triangle. 

Since deltoids are symmetrical figures, the angle which one deltoid makes 
with another may be taken as the angle which a chosen cusp tangent of one 
makes with the cusp tangents of the other. 

The cusps of (5') are given by ® = a3, and are 


oc; By 7, 
= = 7 ——S 9 
2 2 
: os 3 
yo —— + = — - 
205 ZV, 





\ 


r , y 9 ] 
co} 3Vo; o, 3 ; 
| 2 2 s 20. “Vo: , =U, 
a ~ 1 | 
| 2 2a, 
or 
(18) x — Voxy + constant = 0. 


. . “ Cx 
In like manner the cusps of (5) are given by e— je? and are 
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Hence the cusp tangents of (5) are given by 





x , 7] » & 
o} By ok — ok Bh 
j.f ° T~&" off +H 8 - h)yoyk’ = 0, 
Cc, — ok | 
ee 4 o,(1 —h) 
or 
Cg Pe. 
(1%) r+ \ a y + constant = 0 
( ' “= ; 
Hence @, the angle between (18) and (19), is given by 
3 1 
(20) ee = — Vi 
Since &” — 1 A, the formula connecting @ and @ is 
(21) 3d — O= Snr, 


where # is any integer. Hence we have the 

Turores IV. adny deltoid of the system may be obtained by three 
transformations, frou the minimum deltoid :— first, a translation perpendicular 
hy the Buler-line of the triangle: second, a rotation ahout the centre: and th ird, 


a dilation. 


In other words, if p = be the magnification and @ the angle of 


ft 

rotation from the Steiner position, a deltoid inscribed to a given triangle expands 
» 

and rotates according to the law p , keeping its centre on a fived 


iid 


il + ¢ 


line, and its CUSDS ond defin ihe cubic Curr, 


3. Professor Allardice’s problem. Professor Allardice* has 
proved that if we have a system of conies circumscribed to a given triangle, 
such that their asymptotes form a constant angle, the envelope of the asymptotes 
ix two deltoids which are inscribed to the given triangle ; and that as the angle 
between the asvinptotes varies there is a single infinity of such pairs of del- 


toids. le states further that there is evidently some relation between the two 


“RK. BE. Allardice: On some curves connected with a system of similar conics, ANNALS OF 
Mati. series 2. vol. 3, pp. 154-160 (1902). 
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deltoids of each pair, but leaves this undetermined. It appears at once that 
this system of deltoids is identical with that of section 2, and by the methods 
there used I shall easily determine the required relation. I shall first prove 
Professor “Allardice’s proposition by these methods, obtaining the equations of 
the pair of deltoids in a form such that their relation appears very simply. 
Let there be two lines 
(’ —khay—b =0, 


(1 ( 
‘i -- iY _— LH’ =, 


the first making with the second an angle 6, given by the equation 

(2) ete he. 

Take as before the given triangle to be a8y and its cireumcircle to be the unit 
circle. The equation of the cireumcircle is then 


(+>) ty = |. 


A conic whose asymptotes make the angle @, is 
] , 
( 1) x —a (« a 5) ry + a*i/’ af. dr + ey +f = (), 


Let this conic cut the unit circle in the three points a, 8, y, anda fourth point 
‘f. From (3) and (4) we obtain 


(>) xé4 dz? + [y- a (x + | +exc+e= 0, 


an equation whose roots must be a, 8, y, and ¢. Hence (5) must be identical 
with 


(6) rs S,a3 + Sx? — Sx+ 5, = 0, 


i 
where |S,, S,, S;, S, are the symmetric functions of a, 8, y. ¢. Let o), 02, o, 
he the symmetric functions of a, 8, y and for simplicity take the Euler-line of 
the triangle as the axis of reals. Then o, is real and hence equal to its conju- 
gate a, ¢;. And we may write for , its equal ¢,¢3. Making these substitutions 


we then have 
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Making use of these equations in identifying (5) and (6) we have 
aun oO; _— t = d, 

: ] 
0)\o3 - at=/ — a(x + i) , 


(7) < 
= a\o,f(=e, 





ot = a*, 
\ o 


From the four equations (7) we readily determine the values of d, ¢, and f 


to be 
ajo; + 0 
d—— —; 
Cx 
(S) < c= — Te — oy, 





; ; l 
f=o\03;+ 7,0 + ay (« + i) ° 


That the lines (1) shall be actual asymptotes of (4) it is necessary that 


(” +6’ =d 


(o) “b e 
| - + kh —- 
k a 
Solving these equations for 4 and 4’ and substituting in the result the values 
of 7 and e from (8) we obtain 


yp — (Ok + ney? + oo,ka + o5)k 
(10) aa,(h* — 1) 
py — Ot aesha? + cost + ox 

ag;(1 — k*) 


Putting these values of 4 and 4’ in (1) we have the two asymptotes given in 
terms of a single parameter a in the forms 


o3(h* — 1) ao;k* atk 


(11) aes ee o,k(h? — 1)y — ah? — o,0,k — - <= = (), 
ancl 

fei a q 27.2 
(12) wes th al t— a,(1 — h* yy va ak -— a, — ayosh — ash — (). 


ws a ae 


To obtain the equations of their envelopes, differentiate (11) and (12) with 
regard to a and we have 
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™ _ok* . k?a* 2ho; 
A? — ] a,(h" aa 1) (2 —1)a ya ’ 
and 
a a ce 2heo, 
TR a1 2)" CR ja’ 
Replacing in these two equations °3 which is a turn, by ¢, we have 
a . 
(13). a= a wail + Skt a... 
M1 Me) (FF -1) 
and 
2A 
(14) ee. ae... = 


i—-Re*T-e~_-Pe° 


From their form equations (1) and (14) are seen to be deltoids. That they 
are inscribed to the triangle a8y is evident geometrically from the fact that 
a system of conics through three points contains pairs of lines, one of which 
passes through two of the points and the other through the third. Analytically 
this appears as follows. The line through two of the points 8 and y¥ is 


r+PByy=B+ ¥. 
If this be a tangent to the deltoid (13) there must be some value of @ which is a 
turn, which will make (11) identical with this. This value is found to be 
— By kh. Hence the deltoid (13) touches the line 8 y. In like manner we can 
show that (15) touches the other two sides of the triangle and also that (14) 
touches the three sides of the triangle. Hence we have the 

TueoremM V ( Allardice }e The envelope of the asyimptotes of a system of 
similar conics through three points is tivo deltoids each inscribed to the triangle 
of the three points. 

Equations (13) and (14) may be reduced to the form (5) of section 2 
showing that both belong to the system of section 2 and we may say, the 
system of deltoids inscribed to a given triangle breaks up into pairs. 

To obtain the relation between the two deltoids of a pair, we examine 
. © La hl fe ‘ 4 Go| h? P sc 
the equations (13) and (14). The centre of (13) Isp,” | that of (14) is 

o 7 hl . . . ais 5 
7B . These two points are conjugates, hence the centre of (13) is the re- 
flection of the centre of (14) in the axis of reals, ¢. e. the Euler-line, 
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— hk? oy 1 . ° = i. 
The size of (13) is| =~ = =>. and that of (14) is 
The size of (15) ee 1 | (14) 1} 
— . These are equal, i. ¢., the two deltoids are of the same size. 


If we call the distance from the centre of a deltoid to the origin 8, and its 

size o, we have as the formula connecting 6 and o, 

(15) dé=a\c: 

i. e. the size is directly proportional to the distance from the origin. This 

expression is independent of 4 and hence holds for all deltoids of the system. 

Hence we have the 
THeorem VI. 


Euler-line of the triangle, of the centre of the other. 
The ratio of the distance of the centre of any deltoid 


The centre of one deltoid of a pair is the reflection, in the 
The two deltoids of “a 
pair are equal in size. 
of the system Srom the circuimcentre of the triangle, to the size of that deltoid, 
is constant, heing equal to the distance of the orthocentre from the circumcentre. 

If the asymptotes are perpendicular, equation (2) becomes ¢'* = A", hence 
hk? = — 1, and the system of conics becomes a system of rectangular hyper- 


bolas; equations (15) and (14) then become 


»)! co} oe oC: 
(13 ) = ) Faf— yf ’ 
and 

’ — a; . GO. 
( 1 } ) uo = 5) t af — op . 


These two equations give the same deltoid, 7. ¢. when the asymptotes 
are perpendicular the two deltoids of the pair coincide, and we have the well 
known theorem that the envelope of the as:ymptotes of a system of rectangu- 
lar hyperbolas circumscribed to a given triangle is the minimum deltoid in- 
scribed to the triangle. 

It remains to determine the angle between the two deltoids of a pair. 
Call it ¢. In exactly the same manner as in section 2 we find the angle ¢ 
between (13) and (14) to be given by 
(16) er — 3). 

Eliminating & between this and equation (2) we have the relation between @ 
and @ in the form 


(17) 3¢ — 20 = nr (n = any integer). 


Hence the deltoid (13) may be made to take the position (14) by a reflection 
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in the Euler-line of the triangle, together with a rotation about its centre 


through an angle d. Hence we may modify the theorem of Professor 
Allardice as follows : 

















Fic. 3. 


Every pair of deltoids of the sume size determine a triangle, the triangle 
of their common tangents, such that these tivo deltoids shall he the envelope of 
the asymptotes of a definite system of similar conics circumscribed to that 
triangle. 

Figure 3 shows two deltoids of a pair, both inscribed to the triangle afy. 
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The cireumecentre of the triangle is O, the orthocentre is o,, and the line Oo, is 
“the Euler-line of the triangle. The point //, the centre of one deltoid, is seen 
to be the reflection, in Oo,, of A, the centre of the other. SS’ and 7'7" are 
a pair of asymptotes cutting at the angle @, and Jd), and Aé,, two cusp tan- 

T 


vents cutting at the angle @. The figure is drawn for the case where @ = 


ci 
and hence @ = z 
’ 


4. Thecusp-locus of the system. [et us examine the cubic of 
Theorem I]. Write its equation and that of its conjugate in the form 


| ao, — o,f 
c= _ ee 
o,—f?? 
(1) 
| o,f? — to.f 
/ - . 
od T(o; t’) 
Let the eubie be eut by any line 
(2) le + By +1 =o. 
Eliminating and ¥ from these three equations we obtain a cubie equation 
in f, 
: A. ibe, oe bilo; a8 slogo; + 0% _" 
(33) Bo. + a, Bo,+ a, Bo, + a, 


Whose three roots give the three points of interseetion of the line with the 
cubic. To tind the involution of points in which a line cuts the cubic, we let 
fis fa. 45 be the three roots of (3), and S,, 8), 8; their symmetric functions. 
Equation (3) is then identical with 

f° Sfr+ SA- S, = 0, 


and we have 


(4) SAG, 
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or 
(S\o, — 30,)B 4+ So, = 0, 


(9) bora — S,o,B —- Sie; — \), 


o\0;-1 - So, 5 _ Syoy + o? — (). 


” 
o 


The condition that these three equations hold for all values of A and 
is the vanishing of the determinant 


0, So, - 3e;, S13 | 
ba%, — Syo, » — dy ’ 
O13, — Nya, » — AO, + oy 
or 
(1) 3S; — o,8, + o,.8, — do, = 0. 


This is the involution of points in which a line cuts the cubic. If the 
three points coincide we have the triple points of the involution and the line 
cuts the cubic in three consecutive points. The line is then a flex-tangent of 
the cubic aad its point of intersection with the cubie is a point of inflexion. 

Let, ==G=¢. Then S, = 34, 8, = 3f, S,;= @, and equation (6) 
becomes 
(7) Ma f + of—a,=. 

The roots of (7) area, 8, 7. Hence the eubic has three real potuts of da- 
Nesion given by (=a, (= 8, t=. They are 


(a, — ja)o, 
5S = . 
oa, —a° 
(a, — 3P)o,, 
(*) \7 ; a, — BS ’ 
(a, — dy), 
r= s ‘ 
oak 





To determine the flex-tangent at the point given by = a, we put 4 = 4 
f, = a, and we have S, = 3a, S;= ja?, NS, — a. Putting these values in 


a » 


equations (4) we have 


ae — By 
sl . B 
B4y B+ 
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a5 
o® 


Equation (2) then becomes 

a+ Byy=B+ 7 
the flex-tangent at the point given by =a. In the same way we find the 
other two flex-tangents. The three are 

[xe + ByY =B+¥, 

e+ yay=7t @, 


r+apy=a+PBZ. 


But these are the three sides of the triangle. Hence the 

Turorem VIL. The cubic of Theorem I has three real points of inflex- 
ton given hy the values of t corresponding to the vertices of the triangle, and the 
Nex-tungent corresponding to each verter is the opposite side, 7. ¢. the points 
of inflerion of the cubic lie on the three sides of the triangle. 

To determine the line of flexes, put 4 = a, 4, = B, 4; = y. Then S,; = o,, 
S, = o,, S; = ¢,, and from equations (4) we obtain 


TORT. 
a ate 


fag 
2 


wih. 
aA —_- st : ’ 
NC» — O19» 


fd ~ 


BD 


> o 
el 
b. 
* 


on . 


tas 


tS} 


Putting these values in (2) we have 


x 


(10) Tol + O,0,Y — 2,0, — 304, 


the equation of the line of flexes. The equation of the Euler-line of the tri- 





angle (section 2, p. 112) is 





(11) o,f — 0,034 = 0. 
The lines (10) and (11) are perpendicular and meet at the point 


0105 — 36 
(12) r= ad o's ‘ 
2¢> 
Hence the 
THEOREM VIII. The line of flexes of the cubic ix perpendicular to the 
Kuler-line of the triangle at the pout 


G\0, — so. 


2a 
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If we now take the Euler-line of the triangle to be the axis of reals, og, is 


© ) . . Co 
real and ¢, = ,¢3. The flex-line meets the Euler-line at the point —! 


2 20; 
This gives a simple method of constructing the line of flexes and the points 
of inflexion, as follows :— Draw the Euler-line through o,, the orthocentre 


and O, the cireumcentre of the triangle. Take the circumcentre as the origin, 
and determine the positive direction of the axis of reals to be from 0 to o;. 
7} 3 . , : 

> — oz, on the Euler-line, and erect a perpendicular to 
2 2o1 
itat this point. This is the line of flexes, and cuts the three sides of the tri- 
angle in the three points of inflexion. 

Consider again the cubic 


Construct the point 


» 
7,0, — dlas 
z= 7 9 


o,f — 3o,¢ 
ee a 
od o,(0, — @) 





As @ approaches o;, cand y become intinite, hence the cubic has three branches, 
each running to infinity. Let us examine it for asymptotes. Call yc; = 7, 
and take any line 


r+ Ay = const. 
Let this line cut the cubic at any point ¢. Then its equation is 


o3(a, — 3f) — d( 0,6 — vaxf*) . 


O3(o3 — t*) 





(155) r+aAy= 


If ¢ = 7 the left hand member of (13), when cleared of fractions, vanishes, 
and the right hand member gives 


i ais o3(o1 — 37) : 
~ OP — do57° 


Putting this value of X in (13) we have after putting ¢= 7 and reducing, 
(14) (o,7 — 30,)x + o47(0, — 3t)y = a,0,7 — 20,7? — 2o\03 + dSoyr. 


This for the three values of 7 gives the three asymptotes. 
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The line (14) is perpendicular to the line joining the point 7 to the cen- 
troid, o, 3, of the triangle: for the equation of this line is 


l 


¥ 
1 


or 


(15) (o.7 — 3o3)x% — a37(o, — 3t)Y = a,7° — a,C,. 


The lines (14) and (15) meet at the point x = (ao, — 7) 2. 


Since 7 is a turn this point lies on the Feuerbach-circle of the triangle, 
whose equation is 7 = (a, —¢) 2. 

Hence the 

TuroreM IX. The cubic has three asymptotes each perpendicular to the 
line Jom ming the centroid of the triangle to the point T of the unit circle which 
gives the tifinity of the cuhbte. and cutting this line at the point (o, —7)/2, a 
port on the Feuerhach-circle of the triangle ; 

From this theorem the construction of the asymptotes is evident. 

Since the cubic has three real points of inflexion it has an isolated double 
point given by the neutral pair, 7. ¢. the Hessian, of the involution. 

The Hessian-of (7) is 


(16) (a; — 30,)f + (No, — ayo,)t + @% 


’ 


—sba\o, — V- 
If h and /' be the roots of (16) 


Ta = Bois 
hh' = a al R 


a; — do, 


The double point is 


_ (a, —ahjo, — (a, — 3h'ja, 


o,—hé (o,—h") 


bo, 


h? + hh’ a h” ; 
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or 

— a3(o; — 30,)* a 

2703 — Yo\o,0, + ojo, + os 
5. Further treatment of the cusp-locus. The cusp-locus of 

section 4 arises also in another way. Consider a deltoid touching three lines. 
Make it touch a fourth line, 1. Determine the point of contact 7, of this 
line and the deltoid. Move the line Z parallel to itself, and the point of 
contact will be proved to run along a line, and the envelope of this line, as the 
direction of the line Z varies, will be the cusp-locus of the preceding section. 
For from section 2 we have the deltoid touching a8y given by 

(A— 1)x 4+ a =r(t+ t, + 7) , 

it, 
together with 
3 = G3 z. 


Eliminating / from these two, we have 


r! 
(1) (= -1 s +a =r(ti hs =) 


Its conjugate is 
a, a, 1/1 ] 
- +o meh 4 + tt). 
(5 1)y o;, NC fh, ) 


Eliminating ¢ from these two we have 


3 Co; ' No, XA 


This is the equation of the tangent at the point 4. If this be parallel to 
any line 
r+hy=b, 
then / is given by the equation 


- (= 7 1)x 
a, 


k= ————— 
r tr 
(~-1 t, 
Cx 


I lence 


C3 


(3) =p. 
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The point of contact in general is given by 
r3 ; " 1 

(4) r(X 1) + 1 =a(24 + 7) 
From (3) and (4) we have 

Pa As , - 2o, | A223 

(5) «(3 - 7h ~ sa ot 
Let i= —a, and let the Euler-line be the axis of reals. Then (5) and its 


conjugate may be written in the form 


r3 : 
x (~-1 + 0, = — 2a0; + —>> 
CO: aio 


a _ 2 ag; 
LY “S )+ _e” e 


Eliminate A from these two, and we find the locus of P to be 


we 


2 1 20; 
6 o — — a*o,)x+ (« 200, — ——-)y=3 2ac,o, + —+ 0}, 
(6) ( ea ac: :) it . oY t me Oh oa 


which is a line. Hence the 
THEOREM X. Jf the tangents be drawn ina given direction to the del- 
toids inscribed toa given triangle, the locus of the point of tangency is a line. 


To obtain the envelope of this line, we differentiate (6) with regard to a 
and we have 


(7) (— + a°a,)x (a2 ,. y = : 
ao, s) sie at ee)! atlas. (a0, — za) 


This together with (6) gives the envelope of the line. To obtain the map- 
equation of this curve we eliminate y from (7) and (6) and obtain 

o, + 3ac. 

1 + aa} 

But since a and o; are both turns we may write — ac,=¢. Then this equa- 
tion becomes 


Hence we have the 
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Tueorem XI, The envelope of the line of Theovem X is the cusp-locus of 


the preceding section. 


6. The theory of osculants. Study’s theory of osculants is briefly 
indicated in the Leipziger Berichte.* We shall work it out here for the present 
rational point cubic from the standpoint of the geometry of strokes, but the 
results are all a part of Study’s theory. , 

Consider again the cubic , 


a, — 
x , 
| ha 
ws 
oc: 
For each ¢ there is one x, but for cach x there are three fs. Let them be 


fi, ty, t, and consider the equation 


a — (4+ & + &) 
(1) us  #€=«C° 
l i“2"3 


ox 


from which the cubie is obtained by making the three fs equal. 
Let /; vary, 7. ¢., put/, = /, and we get 


r 


oo = (f, + f, t l) a, 


'z) st= 
a, — Oh, 


This is a line, for any expression for «which is of the first degree in ¢ gives a 
J 


. . ox f ee , , 
circle, but for f= a ie becomes intinite, hence the cirele becomes a line. 
i 
What line this is we shall see later (page 152). 
In (2) put /, = 4 and we have 
” (Oy - (26, 4. ¢) CO. 
(3) eo 
a, — fi 
Fora given 4, this is a line, fora given ¢, and varying /, it is a conic (see 
page 151), 
Hold ¢, tixed and consider the line (3). It is the tangent to the cubie at 
the point 4, for 


Set; — Gf 3o. , , 
DX); =1, = = | "3 g,, for the cubic. 


(a3 — f)* 


* E. Study: Ueber die Raumcurven vierter Ordnung, zweiter Art. Leipziger Berichte, 1896. 
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and 


ot — 24,-—¢ 


Die) .-—---s—" Ge, for the ne. 
— (o3— fh)? 


I shall show this directly in order to make use of some of the results so 
obtained for further investigation. The conjugate of (3) is 


o,f, + 2agt)t — ostit 
(» ) y¥=- 


a;(0; — ff) 
Eliminating ¢ from (3) and (3') we have the equation of the line in the form 


= oul + eer 
(4) a " - > x 
G00, + dash, — 2a,0;/, zo, 


O3(0, — afi + 2¢) 


[aa ** 





. o,0t; + 30,f2 — Yao, 
This line cuts the eubic in three points given by the equation 


H(a; + 24, — ajf)) , 3(G 


ps = 


ae h(a — 2osf; + 403) a @ 
But the roots of this equation are 


— af, — 2aogl, + Ha, 

a6 — ded, + @ 
Hence the line (3) is tangent to the cubic at the point 4. 

The results of section + may be readily obtained from this point of view. 

The points of inflexion are obtained by making the roots of (5) equal, ¢. e., 
by putting 

af, — 2a, + do, 


1 - ‘ > 
on 7 2a,f; + Oy ’ 


fi — o,f, + of —o, = 0. 
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This gives the points of inflexion as before to be a, 8, and y. Putting 
Ld ‘ . ° eS 
these values of ¢, in (3) we have the map-equations of the flex-tangents : 





ore be Zao, — lo, 
a, — a*t ' 
(0) } — Gc» —_ 2Be, — lo; 
a, — Br ‘ 
iia 0,03; — 2yo,; — tla 
o,—y'l 


The asymptotes are obtained by putting 4, = 7 in (3), and are for the three 
values of + 
0,0; — 270; — flo, 
(7) PP Sia: San 
o,—Tl 
Equations (6) and (7) are the map-equations corresponding to equations (9) 
and (14), respectively, of section 4, as may be readily veritied by writing 
their conjugates and eliminating /. 
Consider again equation (3). Hold ¢ fixed and let 4, vary, or what is the 
same thing let ¢ vary when the equation is written in the form 
(a, — 24 — t,)o, 
(S) z= ——— — - 
o,—¢f 
Kyuation (8) is evidently a conic, for the involution of points in which it 
cuts any line is a quadratic involution. This conic has the point ¢= 4, in 
common with the cubic, and is tangent to the cubic at that point, for 


Set — 66 — Se, . : 
a. a  o,, for the cubic 


I] 


D2 
t Jem, (o, — &)? 


and 
D,.X)t<1, = “= os ~ c;, for the conic. 
(a; — {)° 

The conic (8) is called the oseulant conic or first osculant of the cubic at the 
point 4, and the line (3) is called the second osculant at that point. For each 
/,, equation (8) gives a conic, hence for a variable /, we obtain a whole sys- 
tem of osculant conics, 

The conic (8) touches the three sides of the given triangle: for, take any 
side 

r+ Byy= B+ 74. 





ee ee ee 
— 


Nk MU SoU Real. bhi ERE o Cp Be he 









Sa TP 





So Mo oe eee 
“a fe +* Jt « 


ae 


Pag wre : 








CONVERSE {April 
This line cuts the conie at the points given by the roots of the equation 
Ca38y — 2,870, + o3(8 + 1)N PP 2( 03 — 38h t+ 7103 — 34 — 03(B + ¥) =9, 


or 


({)) f- Yaf + a-= 0). 


Henee the conic touches the line at the point/=a@. In like manner we 
ein show that the conic (8) touches the other two sides of the triangle. But 
since equation(‘}) is independent of 4, every conic of the system touches the 
three sides of the triangle. Hence we have the 

Tueorem XII. The system of the osculant conies of the cubic of section 
Lave inseribed to the triangle of the fler-tange nts of the cubic, 
Consider any two conies of the system : 


2/ —t)o, 
(«7 ) 


and 


(4) 


These two conies have four common tangents. Three of them are the sides 
of the triangle and the fourth is the line 


(a, —f¢, t, !\a. 
o,— ‘t,t 


[= 


for this line (2) has the point 4, in common with the conic (a), and since 


wMicts ~ th, «~ th ~~ ; ; 
Dw - . i ) . for the conic, 
(a3; — Mf) 


6;(o44,0, — fh — hh 


CO» ™ p 
8) , for the line, 


Dw) a : 
Ts (oa; — hh)* 
it is tangent to the conic (7). In like manner we can show that it is also tan- 
vent to the conie (4): hence it is their common tangent. 


Consider with (7) and (4) also a third conic of the system, 


(co, 24 — tb. jo, 


(a. (f° ) 
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The fourth common tangent of (a) and (4) is 


_ (%,—-4h-k&—tb)a;, 
ts o,—ttt . 





that of (6) and (c) is 
(7, — t, — t; — t)os 
7 Cott 


= 


and that of (c) and (a) is 
(o,—',—t, —t)a, 
ee 
These three lines meet at the point 


(1) _ (%—-4—-4—4)ey 





o, -_ tylol 
Let us consider the conics of the system in this way. Any conic of the 
system may be written in the form 

_ (a, — 2t—k) a, 


(10) ~~?" 2 
3 —_ ' 





where / is a constant in absolute value unity. A tangent at the point 4 is 


(o,—¢, —t—k)eo;, 


(1 ] = 
- Cs — Ktyt 


’ 


another tangent at the point 4, is 
(o,—t,—t—k)o, 


(12 = ois 
, a, — kt,t 





These two tangents meet at the point 


~~ ae eer 
wie, t, »—k)o 


(13) 
a, — bith 


% 
7. The system of osculant conics. We can use the formule ob- 
tained in the latter part of the preceding section to prove an interesting 
theorem with regard to the system of osculant conics of the cubic of section 4. 
- , oe , ,_ G; 
The points at infinity on the conic (10), section 4, are given by © = 


Hence from (11) and (12) of the same section, the asymptotes are 


ty ~ Fe mt > Bay 


z= \ k 
os 
_— = = 


Vi At 
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Tet) 
= 


0 Ste 
5S ote eg ee 
(Soe Da i PES 


ha Stead 


and 


eee 
<e ege 
= 


Shy Sane 


=. 


mea Se 


Mae eo 
tad 
| 
Pa 
=~ 


Sos 


‘st om 
me Be + «lok 
Phe Vi 
be ey a hl . . a . . io . . C3 | /ox 
ita Their point of intersection is given by putting 4 = Vike and (, = — 
‘ 


in equation (13). The result thus obtained is 


ee Poors, Say 


°9 
t= “fe 
ee Te 


Se, 

ie CIN ChE IE 
ee he ee ee 
aT as 7 +f . ea ely 






\ o,—k 
( Bs os 
2 
As k runs around the unit circle this is the locus of centres of the system of 
osculant conics, but (1) is the map-equation of the Feuerbach-cirele of the 
triangle: hence the 

THeoreM NII. The system of conies touching three lines and having 
their COnTTES O11 the Feuerhach-cirels of the threes lines, touches the cubic CUSp- 
locus of the systein of deltaids fdascrihed to the three-line = (2. e. the system of 
deltoids arhich are the envelope s of the asyimptotes of a system of stmilar 


CONICS circumscribed lo the triangle of the three lines a 


ra! bet 8. The envelope of a pair of conjugate diameters of a system 
ee nf of similar conics through three points. Evjuations (11) and (12) 
e of section 3 are the asymptotes of a system of such conies passing through 
the three points a, 8, and y. 








Write these equations in the forms 






















o;(4? — 1 [2 a]. 
(1) = = i os oh ( hk? — 1 VM ai? .. a 103k a0 sh i ash — 
a ; a a 








ho,(h? — 1 
4) =- 75( + ¢,(A7 — 1) y—ak — o\o,h? — 


ao,k a3)" 
a a... Uae 


Any line (1) + (2) = 0, (where A is real) or, 


o,(4*7 —1)(1— Ah) 


- + o,(h? -1)(A—hk)yy —ak(vn +h) 
gadis all oyo,k(X + hr) ak(1 t rl) pit 
a a* 
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is a diameter, making with the line (1) a constant angle g, where ¢ is given 
hy the equation 
ee — = ave k P 
h(1 — rk) 
To obtain the envelope of this line, we differentiate (3) with reeard toa and 
obtain 


_ CNL = MDE peg ny 4 RET) | oC + mA) 


” > ). 
a- a- ao 


oe . os 
Solving for 2 and putting — = ¢, we have 
a 





(4) zt=- ok(h . A) _ Phy 1 La AM yt a he(h - A) 
= (A? - 1)(1 — AM) (A? ” 1)(1 — Xi) 7 (/* a 1)(1 — rye’ 


a deltoid. Hence we have the 


THeoreM XIV. The envelope of any diameter making a fired angle 
with the asyimptoles ofa aysteim of similar conics through threes potuts is a 
deltoid, 

Let us consider the pairs of conjugate diameters. ‘The two lines 


(1) +A(2) =0) 
and 
(1) —A(2) =0 


are partners in an involution of which (1) = 0 and (2) = © are the double 
lines. Henee (1) + A(2) = 0 and (1) —A(2) = are conjugate diameters 
of the conie of which (1) and (2) are the asymptotes.* 

If we put -- A for A in (4), we have 


a,h(hk — Xd) 2h(1 — Ad) edith — x) 


— (2 —1)(1 + ak) (—1)(14 ak) (PF - 1(1 + MP 


The two deltoids (4) and (5) have three common tangents, for, writing the 
conjugate of (4) and combining it with (4) we have 


(8) (A? — 1)(1 — Ak) Pe — o,(h® — 1) (hk —A)ty 4+ h(1 + MY 
+ ak(k + AJC + ah(1 + A) + ash(h +A) = 0- 





* See Salmon's Conic Sections, p. 290. 
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This for each ¢ isa tangent of (4). Doing the same thing for (5) for some 
other /, say /;, we have 
(7) (A2—1) (1 + A)Gx — o3(K2 — 1) (A+ ALY + ACL — M4 
+ ok(hk —A)G + oh (1 — A) + ogh(h — 2) - 
Put /, = wt in (7) and we have 
(8)  (A7—1)(1 + AA) we — o,(h2 — 1) (kh + A)oly + (1 — Ad) wi 
+ ak(h — rA)wWF + oh(1 — AA) pt + a3h(h — 2d) - 
Make (6) and (8) identical and we have 
(9 — (1 — AM) (A + 2) 
”? #= (kx) (1 + Mh)’ 
and ; 
(10) [(L + AA) — WAT — AA) JB + 2, [CK + X)— (hk — AY IF 
+ o,[(1 + AA) — (1 — AA) wit + anf (4 + A) —(A—-A)] = 
Eliminating » from (‘}) and (10) we obtain 
(11) B+ a,AP + o,Bt+0,U = 0, 
where 
os (A + + A)(A — A)F(1 + AM)F—(A + APA —A)ACT + ALY CT — ALY? 

2 (1 + AA) H(A — AYF— (1 — AL)NCA + AS : 
(1 + Ad) *(h — 2d) — (1 — AA )A(K + AY (1 + AM)FACA — AY? 
(1 + Ak) (hk — v3 - (1 —Ah)*(k + A)S 
(A + A) (hk — dr)R( + A) — (kh — AY + dA) 
(1+ rk) — A/S —(1 — AL) A + YS 


, B= 


, 





C= 


Since (11) is a cubic in ¢, there are three lines in general touching (4) and 
(9), given by putting the roots of (11) in (6). 

As k varies the cusp locus of the system of deltoids enveloped by the 
two conjugate diameters is obtained in the same way as in section 2, and is 
found to be 
(12) op = TUCh + A) — BYo3(1 + M)*(E + 2) bk. 

(A? — 1)(1 — Ak) 


And the locus of their centres is a cubic curve given by 





(13) ex TE +) 
(= —1) (1 — why * 
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If we put A= I, the conjugate diameters bisect the angles between the 


asvinptotes and become the axes of the conic, and we have the theorem 


proved by Professor Allardice® in the January number of the Transactions of 


the American Mathematical Society. For, putting X = + 1, in (4) and (5) 
we have the two deltoids, considered by Professor Allardice, in the forms 


(is) = (4k — 1)? (k —1)2 ' (i —1)28? 
and 

; a,k 2ht oh 
( 1) 


7= 41)? t so 1)?” (4 De 
Kyuation (11), for A = 1, becomes 
(16) B+ a, + of + o,= 0, 
and equation (6) becomes 
(17) (kh —1)?Pr 4+ a3(h — 1)yty —h(8 + a? + of + oy) — 0. 
The roots of (16) are — a, — 8, — y, and putting these values of fin (17) we 
have 
(“ Byy =, 
(18) <n yay =", 
- apy =, 


the three common lines of (14) and (15). But equations (15) are the three 
perpendicular bisectors of the sides of the given triangle, hence we have the 
theorem of Professor Allardice, The eure lope of AVES of a syste mi of stmilar 
conics CONSIStS of tivo deltoids touch my three concurrent straight lines. Now 
since equations (18) are independent of 4, every such pair of deltoids touches 
these three lines. Hence as / varies, equations (14) and (15) give a system 
of deltoids all touching the three concurrent lines. Their cusps run along 
three other concurrent lines, for, putting A = 1 in (12), we obtain 
(ao, Oy a,)h 

(i—k) * 
and eliminating 4 from this and its conjugate we have 

3 


(79) (a, _ bVo3)r 4 (o, ‘ OV os)Y ), 


*R E. Allardice: On the envelope of axes of a system of conics through three fixed 
points; Trans. Amer. Math. Noc., vol. 4 (1908), p 1038 
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But this, for the three cube roots of o3, gives three lines through the cireum- 
centre of the given triangle. The centres of the deltoids of this system lie on 
a line: for equation (15), for A = 1, becomes 

oh 


(1 — 4h)? 
And if we eliminate 4 from this and its conjugate we obtain 
(20) or — o,o,y = ". 


But this is the equation of the Euler-line of the triangle. Hence we have the 


THEeorem NV. The locus of the centres of the syste m of deltoids fouching 
the perpendicular hisectors of a giren triangle ts the Euler-line of that triangle, 
and the locus of thes; CUSPS is three straight lines through the circumcentre of 


the triangle. 


A. particular case of special interest: here is that of the parabola.* For 
,? = 1, the asymptotes become two coincident lines at intinity, and hence the 
system of conics reduces to a system of parabolas through the three points. 
The envelope of the axis of this system of parabolas is thus obtained by putting 
A? = 1, in (14) and (15). For A= 1, (14) gives nothing, while(15) gives 


om / Ye 


’ 


») i a ‘ 
it 4° 2° 4F° 


a deltoid with its centre at : and its size}. This deltoid is the minimum or 


Steiner deltoid of the triangle formed by joining the mid-points of the sides of 
the given triangle, which I shall call for shortness the mid-point triangle of the 
given triangle. To prove this, call a’8'y' the mid-point triangle, where 


Since (21) is one of the deltoids of the system (15) it touches the perpendic- 
ular bisectors of aBy, 7. e. the perpendiculars of a’ B’y’. 


Che general bilinear transformation in the plane will carry any three points 


* Since the above was written Professor Bromwich has called attention to this case. Cf. 
T. J. PA. Bromwich, Similar conics through three points, Trans. Amer. Math. Soc. vol. 4( 1903), 
p. 489. 
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into any other three pointsand hence will be determined by three pairs of cor- 
responding points.* Let the general bilinear transformation be 
i) ar +h 
re =-— ss 
cz +d 
and let the constants be so determined that it will carry @ into a’. Pinto p', and 
y into 7. Then we have 
a=—l, L =¢d, c=), d—? 
and (22) becomes 
» a; —_— Vv 
(2.9) r= ) 
This transformation carries the triangle a8 ¥ into the triangle a’ S'y', and 
since it is linear in ¢ and 7, it changes neither the order nor the class of any 
curve. It then carries the Steiner deltoid of a 8 into the Steiner deltoid of 
a py’. The Steiner deltoid of a 8y is from equation (5') of section 2? 


| cs 
(24) z=—5 + ae th 


Applying the transformation (25) to this we obtain 


co; t Cc; 
ee = — . 
4 & 
but for /=— f, this is equation (20). Hence equation (20) is the Steiner 


deltoid of the triangle a'p’y'. This may be readily verified by direct methods. 
Ilence we have the 
THEOREM XVI. The ene lope of the avis of a syste ii“ of porabolas Cire 
cumserthed toa qiven triangle is the minimum deltoid tuscrihed to the mid- 
point triangle of the qiven triangle. 
Jouns Horkins UNIVERSITY. 


Maren 23, 1903. 


*See Harkness and Morley Introduction to the Theory of Analytic Functions, p. 2s 
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STITUTIONS WITH 
MODULO 3 AND OF 


1. Introduction. This elementary example is chosen by way of illus- 
tration of the methods of linear group theory and in view of applications the 
results have in 


Let p be 


INTEGRAL 





DETERMINATION OF ALL GROUPS OF BINARY LINEAR SUB- 
COEFFICIENTS TAKEN 
DETERMINANT UNITY 


By LeEoxnarp EvGENe Dickson 


an investigation now in progress. 
a prime number and consider the p? — 1 letters /, ,, where z 
,p— 1, such that x and y are 


and 7 take independently the values 0, 1, . 


not both 0. 


the operation which replaces / 


(1) 


; — ' a 
defines a substitution S = i 5) on the »* — 1 letters /,,. 


Ifa, 8, y, 6 are any integers such that ad — By = 1 (mod p), 
by / 


A 


' 


ru 


=ar+ By, 


where 


ry’? 


y' = yr" - by 


(mod p), 


these substitutions constitutes a group [ of order p(p? — 1). 


For p= 
For p = 


a 
3, 


lr’ is of order 24. 
is 8. It is shown in §5 that T cannot be represented as a substitution-group 


of degree less than &. 


The object of this note is to give an elementary determination of all the 
subgroups of TP, and to make a distribution of its substitutions into complete 


sets of conjugates. 


auy p by employing technical group theory and making use of the results of 


As indicated in §6, the first problem can be solved for 


elaborate memoirs on the modular group. 


2. Periods of the substitutions of I,,. 


; (‘“ B 
B= ; 


(2) 


S71 — ~*). N23 Pi 
—y a ya 


lr is the symmetric group on the 3 letters Jo, lors 4a. 
Its degree, the number of the letters /, ,, 


a’ + By B(a + 8) 


+6) & 4+ By)’ 


we find that the only substitution of period 2 is £ 


140) 


, -l 0 = 
( ) and that, if S 
0. | 



























The totality of 


Observing that, if 
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be neither # nor the identity J, 9 is of period 3 if and only if a + 8 = — 1, 
of period 4 if and only if a + 8=0, of period 6 if and only if a+8= +41 
(mod 3). Hence I’, contains, in addition to F and J, exactly 


8 substitutions of period 3: ( 0+ “a C 4 ). (; a erg +1 
ves +11 


6 substitutions of period 4: be O+ 1% & ” . re +1 : 


8 substitutions of period 6: ; * Pads 2 f >. te . 1)» & 1+ - 


3. Distribution into sets of conjugate substitutions. If 
J= (¢ ' then 
, —— y $ , 
; ‘ 11 l—ay @ 
jm 3 y— =~, , 
(3) S t 1)S= ( _ 7 en Sis 


a (0) g — (—97-Br- BS (a—B)?’ 
— —(y —8)? ay+aéd+4+ Bb 


Since — 1 is a quadratic non-residue of 3, 8; reduces to none of the substitutions 
0-1 1-1 — —1 
4 
“) ( - )* (e 1): Gi 0) 7 


each of period 3. Again, S, reduces to C — if and only ify=0, a=d=+1, 


= 8). 


= , i 11ly\. ; , 
8 remaining arbitrary (mod 3). Since { 1) is therefore commutative with 


exactly 6 substitutions of [',, it is conjugate with exactly four substitutions. 
From what precedes, these must be* 


(5) ae (01): (11): (1-1): 


Their inverses are respectively the substitutions (4). Hence the latter are 
conjugate. 





* This may be verified directly. Thus Si: = (_ ad ) if and only ifa=y=—=+1,5=A8+1. 
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Likewise, S, reduces to none of the substitutions, each of period 6 : 
| bw i =e _1 0 -— 
ai 1 1): ( 6. iF" <a 1 0 


“1 ¢ “ 
Again, S, reduces to ( . 1) if and only ifa=S8=+41, 8=7:+1: 8, 


Ml 


Phas —— 
reduces to( it and only if 8=a, 8=a+1,y=a71; S, reduces to 


~1@ 
@ 7 1) it and only if y=é=+1, a =B+1. Hencea complete set of 
conjugates is given by 

1] — 1 l -1i 0 | 

, (10): 0-1): ~ 1-1): rr , 


Their inverses are respectively the substitutions (6). Hence the latter are 


conjugate, 


' O1l\.. - 
Finally, s=(“5)is commutative with ( )i and only if a = 6, 
7 # 


B=—-—y. Since S shall have determinant + 1, a? + 7? = 1, so that either 

a=, y=+1 orelsea=il, y=. The resulting 4 substitutions S are 
, f O11 , , : 

evidently the powers of ( ; 0): Hence the latter is one of 4 conjugates. 


Tueorem. Within [,,, the substitutions of period 3 fall into the hiro 
distinct sets of conjugates (4) and (5) the substitutions of period 6 fall into 
the two distinct sets of conjugate x (6) and eae the substitutions of period 4 


are all conjugate. 


4. Determination ofall the subgroups of!,,. It follows from 
§5 that T,, has exactly 4 subgroups of order 5 and that they are all conjugate. 
The latter result also follows from Sylow’s theorem. Likewise, by §3, Ty, 
has exactly 4 evyelic subgroups of order 6, all conjugate within [,,, and exactly 
3 cyclic subgroups of order 4, all conjugate. By §2, T,, contains a single 
(and hence self-conjugate) subgroup of order 2. 

Since any substitution of period 4 is conjugate with its inverse by §3, 
any cyclic subgroup of order 4 is self-conjugate under exactly a dihedron sub- 
group of order 8. In view of the enumeration of the substitutions of [y, the 
latter has a single (and hence self-conjugate) subgroup of order 8, composed 
of J, F, and the 6 substitutions of period 4, 
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A subgroup of order 6 containing a single operator of period 2 is cyclic. 

Finally, there is no subgroup of order 12. For, by Sylow’s theorem, a 
(7, contains 1 or 3 conjugate (, and 1 or 4 conjugate G,;. Within T.,, any 
(7, is self-conjugate only under a G,, while any G, is self-conjugate only under 
a (7, as shown above. Hence G,, contains 3 conjugate G, and 4 conjugate 
‘(¥3, and therefore at least 3 ~% 2+ 4 X 2 or 14 substitutions in addition to J 
and F. Hence G;,, cannot exist. 

THeorem. The group T,, contains one self-conjugate cyclic Cyand one 
self-conjugate dihedron Gz, one set of 3 conjugate cyclic Cy, one set of 4 conju- 
qate cyclic C's, one set of 4 conjugate cyclic Cy, but no Surther subgroups other 
than itself and the identity. 


5. Isomorphism of |,, with known groups. Since I, has 
no subgroup of order 12 it is generated by any one of its operators of period 


, Ps , , , gE & 
3 together with any one of its operators of period 4. Now . ) and 


QO—1 


; o) give rise to the following substitutions on the letters / 


r,y° 


Cyalosle:) Carloahiads Cralalale:) (Corlsoloe/io)> 


respectively. Hence I, may be immediately identitied with the group No. 
10 under those of order 24 and degree & in Miller's list (American Journal 
of Mathematics, vol. 21, p. 332), and, as there indicated, is not simply iso- 
morphie with a substitution-group of degree less than 8. 

In Burnside’s enumeration (Theory of Groups, pp. 101-104) of the 15 
distinct types of abstract groups of order 24, our group [,, falls under type 
“(1v), case 1. Hence it is simply isomorphic with the abstract group gener- 
ated by three operators A, /, C, subject to the generational relations 


(8) M=/, B= A, BOAB=A-', O=1, CO 1AC= B, C—BC = AB. 
6. Indirect method of determining the subgroups of [. The 


group IT of the linear substitutions (1) of determinant unity is isomorphic 
(simply if p = 2, doubly if p > 2) with the group /’ of the modular substitu- 
tions 
z 
(9) tut? (a8 — By = 1). 
yz + 6 


In fact, Zand £, but no further substitutions (1), correspond to the identity 
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modular substitution z’ = z. Hence the quotient-group ['/(/, /) is simply 
isomorphic with F. From the known* subgroups of F’ we may derive indi- 
rectly the subgroups of ['; the inverse problem is more easily solved. A di- 
rect generalization is obtained by replacing the field of integers modulo p by 
the Galois field of order p"; the subgroups of the resulting group F' are 


known.t 
Consider, for example, the case p" = 3. The group F of the substitu- 


tions ({) is then simply isomorphic with the alternating group on 4 letters 
and hence has, in addition to itself and identity, only subgroups of the type 
cyclic C’,, cyclic C’;, and the commutative “four-group” Ay. We may thus 
derive the theorem of §4. Thus J ~ (C,, C’, ~ Cy, C’y ~ Cy or Cy, Ay ~ Gy, 
F ~ Ty. 


THE UNIVERSITY OF CHICAGO, 
JULY, 1903. 








*Gierster, Mathematische Annalen, vol. 18 (1881); Klein-Fricke, Modulfunctionen, I, p. 
411 and pp. 419-491. 

+ Moore, The subgroups of the Generalized Finite Modular Group, University of Chicago 
Decennial Publications, vol. 9 (1903), abstract in Bulletin Amer. Math. Soc., vol. 5 (1898), pp. 
7-8; Wiman, Swedish Acad., vol. 25 (1899), pp. 1-47; Dickson, Linear Groups, pp. 260-287. 






















PROJECTIVE AND METRIC GEOMETRY* 
By Epwin Bipwei_t WiLson 


THe passage from synthetic projective to metric geometry is seldom made 
in a systematic and satisfactory manner, Those whose point of view is pure 
synthetic geometry, for example Reye or Béger or Enriques, assume the 
metric geometry as given and confine their attention to interpreting it in terms 
of projective relations. This fails to bring out the logical step made in passing 
from the one to the other. Those who, like Klein and Cayley, approach the 
subject from the side of non-euclidean geometry introduce the circular points 
at infinity which even when not directly dependent on analysis are out of the 
spirit of pure geometry. In any case the start is made from the number-sys- 
tem defined upon a straight line by means of harmonic constructions. Let us 
start from this point. 

Consider first the straight line. In projective geometry the linear group 
of transformations of the line into itself contains three parameters, if we may 
use this convenient analytic term to stand for the geometric conception of de- 


grees of freedom. The establishment, upon the line, of a definite number- 


system dependent on three assumed points 0, 1, and «2 determines completely 


the theory of segments and distance — the difference between two numbers 


giving the distance between the points to which they are aflixed. The pos- 


tulate of congruence, namely, that from a given point of the line and in either 
direction there may be laid off upon the line one and only one segment equal 
to a given segment of the line, has an evident interpretation. It is this pos- 
tulate of the conservation of distance which in reality introduces the essential 
differences between projective and metric geometry ; for it cuts down the num- 


ber of parameters in the group to one. In all transformations in which distance 


remains invariant the point which has been assumed as x remains fixed and 


the point 1 must be carried into the point x + 1 or x — 1 if the point 0 is 
carried into the point x». Whether this definition of distance has any connec- 
tion or not with the ordinary conceptions connected with distance in real space 


depends on the further axiom (not postulate) that if the point x be taken at 


* Read before the American Mathematical Society December 29, 1903. 
(145) 
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what we consider to be an “ infinite distance” the congruent segments become 
identical with our ordinary equa/ segments. 

Let us pass to the plane. The fundamental postulate of projective geom- 
etry is that every two lines meet in a point. As a first step towards metric 
geometry this may be restated as follows: The points of the plane may be 
separated into two classes of which one consists of actual points and the other 
of ideal points such that there is through a given point one and only one line 
which shall cut a given line in an ideal point unless the line be composed 
wholly of ideal points or the given point be itself'an ideal point. From this 
it follows that every line which contains one actual point contains only one 
ideal point and that a line which contains two ideal points is made up wholly 
of such points. That there must be an infinity of ideal points is evident on 
considering a pencil of lines passing through a common point — for each of the 
lines contains an ideal point and no two can meet in the same point other than 
the vertex of the pencil. The ensemble of ideal points therefore fills out a 
line in the projective plane. 

In discussing actual plane space it is to be taken as an axiom that through 
a given point there is one and only one line which does not cut a given line. 
The procedure of von Staudt is the converse of this and herein lies a slight 
departure from the true spirit of projective geometry. Von Staudt’s problem 
is to discuss the “Schein” or /oo/ of space relations. Now, if two lines meet 
they look as if they met and if they do not meet they none the less look as if 
they did. Conse juently the question of meeting or not meeting has no place 
in pure projective geometry. The distinction which is first made in passing 
to metric geometry is the assumption that though any two lines look as if they 
meet, in reality some lines do not meet. As a consequence of this a further 
difference between projective and metric geometry may be noted. The pro- 
jective plane is doubly connected. One line in the plane does not divide the 
plane into two parts but two lines do separate the plane into two distinct por- 
tions. In passing to metric geometry the points on the ideal line are, so to 
speak, thrown out of the plane leaving a cut in the plane which renders it 
simply connected so that a line does separate the metric plane into two parts. 

The group of transformations which leave invariant the ideal line forms a 
six-parametered subgroup of the general projective group and possesses 
the characteristic property of multiplying all areas in the same ratio. There 
is a further subgroup which not only leaves the ideal line invariant but also the 
areas of figures in the plane. To discuss these two groups which give rise to 
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geometries less general than the projective and less restricted than the metric 
is now possible by making use of the ideas developed by the author in con- 
nection with the projective definition of area :* but we shall not stop to do so 
here. 

If in setting up a number-system on any line in the plane we choose the 
ideal point of that line as the infinite point we have upon that line the metric 
geometry explained in the second paragraph. To pass to the idea of distance 
in the plane we assume a fixed point O and aconic A’ subject to the sole condi- 
tion that O and the ideal line shall be pole and polar with respect to A. If 
the metric geometry to be obtained is to resemble our ordinary euclidean, the 
point O and the ideal line must be separated by A’ — that is, the involution 
set up on the ideal line by the association of points with the points in which 
the polars of those points with respect to A’ cut the ideal line must be an ellip- 
tic involution. The conic A is assumed to be a unit conic. By this is meant 
that the hitherto undefined unit of distance on the various lines issuing from 
the point O is taken arbitrarily to be the distance intercepted between the 
point O and the conic A’. The transformations that leave A’, O, and the ideal 
line invariant are a singly infinite set which corresponds to the group of rota- 
tions in the euclidean plane. 

Upon the pencil of lines issuing from O construct number-systems, choos- 
ing O and the point where the line cuts the unit conic and the point of inter- 
section of the line with the ideal line as 0, 1 and « respectively. The locus 
of points which correspond to a given number isa conic having O and the 
ideal line as pole and polar and detining the same involution on the ideal line 
as the conic H. To prove this we note that the points 0, 1, x, © of one line 
and the points 0, 1, x, 2 of any other line of the pencil whose vertex is O 
are in perspective with respect toa point on the ideal line. Hence the chords 
ll and xx meet on the ideal line and in particular the tangents to the two 
curves at corresponding points meet on that line. This is precisely the prop- 
erty of the conic which cuts out the same involution on the ideal line as is cut 
out by A. 

To find the distance of two points A and B taken at random in the plane 
one needs only to join A to O, lay off on the line AO from the point Aa 








* See ‘A Generalized Conception of Area: Applications to Collineations in the Plane,” 
ANNALS or Matuematics, vol. 5, pp. 29-45, October, 1903. Also ‘‘Ueber eine von dem Begrifte 
der Linge unabhangige Definition des Volumens,” Jahresbericht der Deutschen Mathematiker- 
Vereiniguny, vol. 12, pp. 555-561, December, 1903. 
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segment of unit length (the number-system on O.A sutlices to determine this 
unit), then draw about .f with .f and the ideal line as pole and polar the 
conie which has the same involution on the ideal line as A’ has (this is’ the 
unit conie about 21), and finally construct upon the line .18 a number-system 
using as 0, 1, * the point .1, the intersection of the unit conic about A with 
AB, and the point where .1/ cuts the ideal line. The detinition of distance 
is such as to render evident the statement that distance is left invariant by a 
three-parametered subgroup of the general projective group and of its two 
subgroups mentioned above. This group corresponds to the group of rigid 
motions and transformations of symmetry in the Euclidean plane. Figures 
which may be carried into one another by transformations of this group will 
be said to be congruent. 

The assumption of an ideal line and a conic have enabled us to assign a 
number, which we called the distance, to every segment in the plane. That 
these segments follow the ordinary postulates, such as are given in Hilbert’s 
Festschrift or Veronese’s Elementi di Geometria, is too evident to require 
further comment. As yet we have made no mention of angles. Weare how- 
ever quite in a position to take up the theorem that : Two triangles which have 
three sides of the one equal in lengthto three sides of the other are congruent. 
This theorem is almost invariably made to depend on the concept of congruent 
angles no matter what system of postulates is laid down. For our proof we 
need the following proposition of projective geometry : ‘Two conics whose poles 
with respect to a given line are sland / respectively and which determine 
the same involution on that line will intersect in no points or will be tangent 
in some point of the line .1/ or will intersect in two points harmonically sit- 
uated with respect to the line 4 and the given line. Asa corollary of this 
theorem, the sum of two sides of a triangle is greater than the third side. And 
conversely if the sum of two segments is greater than a third, two. triangles 
may be constructed which shall have these segments for sides and the third 
segment for base. The two triangles will be harmonically situated with respect 
to their base and the given line. Two such triangles may be called symmet- 
rical with respect to their common base. It follows immediately that if we 
disregard the order of the sides of a triangle two triangles which have their 
sides respectively equal in length are congruent. 

An angle is said to be formed when two lines meet in a point and termi- 
nate there. Two angles will be said to be congruent when and only when the 


triangles formed by joining the points at unit distance from the vertex are con- 
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gruent. Evidently if instead of taking unit distances any arbitrary segment 
had been laid off on one side of each angle and any other arbitrary distance on 
the other side, the triangles thus formed are congruent. Right angles are de- 
finable in the usual manner as formed by one line meeting another so that the 
adjacent angles are congruent. At a point in a line one and only one per- 
pendicular to the line may be erected, the locus of points equally distant from 
two given points is the perpendicular bisector of the segment joining them, 
and similar theorems may now be proved. Let two lines meet at right angles 
in the point Y. Draw about the point the unit conic and suppose it cuts one 
line in A and Cand the other line in 4 and D. Draw the set of lines parallel 
to AC, that is, perpendicular to BD. Now, BD bisects the segments inter- 
cepted on these lines by the conic. Hence 4D is the polar of the point at 
infinity on the line AC’. Hence two perpendicular lines cut the line at infin- 
ity, that is, the ideal line, in corresponding points of the involution cut out on 
that line by the unit conic. This corresponds to the statement usually made 
that, perpendicular lines are harmonically situated with respect to the circular 
points at infinity. 

From this point on, the development of plane geometry whether carried 
on analytically or synthetically does not differ from the ordinary. It will have 
been noticed that we have been able to avoid the noneuclidean absolute by the 
use of von Staudt’s ideas, by replacing the conception of a conic intersecting 
a line in imaginary points by the conception of the involution set up on the 
line. Evidently a similar line of reasoning could be followed in space. There 
would be an ideal plane and a unit quadric surface to be assumed. We should 
speak not of the " spherical circle at infinity ” but of the polarity set up in the 
ideal plane by associating the points of that plane with the lines in which the 
polar planes of those points with respect to the quadric cut the plane. 

One remark remains. We have assumed a unit conic and have in no way 
restricted it to being a circle. Have we an euclidean geometry? As far as pure 
logic goes we have. As concerns actual plane space we have something con- 
siderably different. We know that in reality one segment is sufficient to 
establish « measure of distance throughout space. We have one degree of 
freedom only in selecting our unit, whereas thus far we have assumed three 
degrees of freedom in the selection. From any standpoint other than the 
purely logical this is of importance and serves to illustrate what Poincaré 
means when he states in his La science et 'hypothese that in addition to that 
which is usually laid down in our systems of axioms we have certain concep- 
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tions far more subtle and no less fundamental, such as the isotropy of space, 
for example. The metric geometry discussed above is not isotropic unless the 
unit conic be that which we understand to be a circle and only then does it 
become our actual euclidean geometry. As an axiom is a self-evident truth 
we might consistently build up our geometry quite without axioms ; but having 
gone so far as to include the parallel axiom we ought to go on and include 
the still more evident axiom of isotropy—and so we should indeed, did not 
its very evidence make it abnormally hard to state. 
Yate UNIVERSITY, 
NOVEMBER 8, 1903. 








A GEOMETRIC DISCUSSION OF THE ABSOLUTE CONVERGENCE 
OF A SERIES WITH COMPLEX TERMS 


By GrorGce H. Line 


Tuat a clear understanding of a great many points in connection with 
questions of convergence of series is facilitated by the use of geometric figures 
would seem to be the opinion of all who have used such diagrams either in 
private study or in exposition of the subject in the class-room. The following 
use of a diagram will, it is thought, prove valuable in this connection. 

The theorem to be illustrated is a very important one. 


Y 





TueoreM. The infinite series of complex terms = u, is convergent if the 


ral 


x 
infinite series & |u,| is convergent. 
r=1 


The formal analytic proof is accessible to all and is omitted. The geo- 
metric illustration is as follows, the ordinary geometric representation of com- 


plex quantities being used. 


Let 
nn nx n 
zr lu,jJ=o,, Flu| =o, > u, = 8. 
r= r=l1 r=1 


(151) 
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In the plane of the complex variable describe a circle T whose centre is 
the origin and whose radius iso. (See figure.) 

The point s, lies within or on the circumference [. Now with centre s, 
and radius equal too — | wu, | =o —o, describe a circle C\. — The point s, 
lies within or on the circumference C,. With centre s, and radius equal to 
o— |u| —!| u,! =o—oy, describe a circle C,. The point s; lies within or 
on the circumference C,. The construction of circles may be continued as 
far as desired. About the point s, as centre there will be described a circle 
C,, having the radius ¢ — o,. 

In this construction, each circle is tangent internally to the one described 
just before it. Any circle C, contains the point s, and all succeeding points 
of the set 
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and by taking » sutticiently large the radius of the circle C, may be made 
smaller than any assigned positive quantity. 
Therefore the points of the set (1) approach a limiting point s, within 
all of the circles, the remaining steps of the argument being readily supplied. 
In conclusion, it should be noticed, that the argument cannot be applied 
to the case of a conditionally convergent series because in such a case the 
circles [T, C,, C,,-- + are all of infinite radius. 
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